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ON THE CLASSIFICATION OF TOPOLOGICAL QUANDLES
ZHIYUN CHENG, MOHAMED ELHAMDADI, AND BORIS SHEKHTMAN
ABSTRACT. We investigate the classification of topological quandles on some
simple manifolds. Precisely we classify all Alexander quandle structures, up to
isomorphism, on the real line and the unit circle. For the closed unit interval
[0, 1], we conjecture that there exists only one topological quandle structure on
it, i.e. the trivial one. Some evidences are provided to support our conjecture.
1. INTRODUCTION
Quandles and racks are in general non-associative structures whose axioms cor-
respond to the algebraic distillation of the Reidemeister moves in knot theory.
Quandles have been investigated by topologists for the purpose of constructing
knot and link invariants, and by algebraists for the aim of classification of finite
quandles [9] and the construction of pointed Hopf algebras [1]. The earliest known
work on racks (see definition below) is contained in the 1959 correspondence be-
tween John Conway and Gavin Wraith who studied racks in the context of the con-
jugation operation in a group. Around 1982, Joyce [11] (used the term quandle) and
Matveev [13] (who called them distributive groupoids) introduced independently
the notion of quandle.
A topological rack X consists of both a rack structure and a topological structure
which are compatible [5]. More precisely, the rack binary operation ∗ : X×X −→
X sending (x, y) 7−→ x ∗ y is continuous with respect to the topological structure,
the right multiplication Rx : y 7−→ y ∗ x is a homeomorphism, and also the binary
operation satisfies the right distributivity: ∀x, y, z ∈ X, (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗
z). Here X × X is viewed as a topological space with the product topology. See
[6, 11, 13] for more details.
In [14], Rubinsztein investigated topological quandles and extended the notion
of coloring of a knot or link by a quandle to include topological quandles. He
proved that the coloring space of the link is a topological space (defined up to a
homeomorphism) that is an invariant of the link and gave several computational
examples. Jacobsson and Rubinsztein [10] computed the space of colorings of all
prime knots with up to seven crossings and of all (2, n)-torus links. They also ob-
served some similarities between the space of colorings of knots and Khovanov ho-
mology for all prime knots with up to seven crossings and for some eight-crossing
knots. See [10, 12] for more details.
The aim of this paper is to investigate the topological quandle structures on the
real line and the interval. In Section 2, we give a brief review of the definition of
topological quandles and list some examples of topological quandles. Section 3 is
devoted to the classification of all Alexander quandles on the Euclidean spaces R1
and S1. In Section 4 we discuss the homogenous topological quandles. Some open
problems are listed in Section 5. In particular, we conjecture that there exists only
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one topological quandle structure on the interval [0, 1]. Some evidences are also
provided to support our conjecture.
2. BASIC REVIEW OF TOPOLOGICAL QUANDLES
A topological rack X is a topological space with a rack binary operation ∗ :
X × X −→ X sending (x, y) 7−→ x ∗ y that is continuous with respect to the
topological structure, such that the right multiplication Rx : y 7−→ y ∗ x is a
homeomorphism, and also the binary operation satisfies the right distributivity:
∀x, y, z ∈ X, (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z). In particular, if x ∗ x = x for each
x ∈ X, then we say that X is a topological quandle. It is not difficult to observe
that R−1x : y 7−→ y ∗−1 x also provides X a topological quandle structure (X, ∗−1),
called the dual quandle of (X, ∗). The set Aut(X) of quandle automorphisms of X
forms a group under composition. Furthermore, if X is a locally compact, locally
path-connected, Hausdorff topological space, when equipped with the compact-
open topology, Aut(X) is a topological group [2]. Recall from proposition 3.1 of
[5] that the inner representation of X is the continuous map
R : X −→ Aut(X)
x 7−→ Rx,
and that the inner automorphism group Inn(X) of X is the closure of the subgroup
generated by the image of X by R in Aut(X), Inn(X) := < R(X) > ⊂ Aut(X).
Note that Inn(X) is a normal subgroup of Aut(x), since fRx = Rf(x)f for any
automorphism f ∈ Aut(X).
A topological quandle X is called homogeneous if the automorphism group
Aut(X) acts transitively on X. If the group Inn(X) acts transitively on X then
we call it algebraically connected or indecomposable (so there will be no confu-
sion with topological connectedness). In other words, for any x, y ∈ X there are
{x1, · · · , xn} ⊆ X such that
(· · · ((x ∗ε1 x1) ∗
ε2 x2) · · · ) ∗
εn xn = y,
where εi = ±1. Obviously, an algebraically connected topological quandle is a
homogeneous topological quandle.
Suppose we are given a topological quandle X, then we can consider the al-
gebraic connectedness and the topological connectedness. In general, there is no
general relation between them. For example, any algebraically connected quan-
dle which contains more than one element equipped with the discrete topology is
algebraically connected but not topologically connected. On the other hand, any
connected topological space which contains more than one point equipped with
the trivial quandle structure (i.e. Rx = id for all x) is topologically connected
but not algebraically connected. However we have the following result, which can
be regarded as a extension of the obvious fact that if a quandle contains only two
elements then it is algebraically disconnected (actually it must be trivial).
Lemma 2.1. Let X be a topological quandle which consists of two topologically
path-connected components, then X can not be algebraically connected.
Proof. Assume that X consists of two connected components X1 and X2. For any
x1 ∈ X1 and x2 ∈ X2, since x1 ∗x1 = x1, x2 ∗x2 = x2, it follows that X1 ∗x1 = X1
and X2 ∗ x2 = X2. If for some x1 ∈ X1 and x2 ∈ X2, x1 ∗ x2 ∈ X2. Choose a path
l connecting x1 ∗ x2 and x2 ∗ x2 = x2 in X2. Since Rx2 is an automorphism of X,
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then R−1x2 (l) is a path connecting x1 and x2. This contradicts the assumption that
X1 and X2 are two connected components of X. It follows that for any x1 ∈ X1 and
x2 ∈ X2, x1 ∗x2 ∈ X1, which means X1 ∗x2 = X1. We conclude that for any x ∈ X
we have X1 ∗
±1 x = X1, it follows that X is algebraically disconnected. 
We end this section with some examples of topological quandles. Obviously
every quandle can be trivially made into a topological quandle by considering it
with the discrete topology or the indiscrete topology. On the other hand, for each
topological space X, one can define a quandle structure on X by defining x ∗ y = x
for any x, y ∈ X, which is a trivial quandle. In this paper we are mainly interested
in the existence of nontrivial rack/quandle structures on topological spaces.
If X is a topological group, then we can associate two quandle structures on X,
the conjugation quandle Conj(X) and the core quandle Core(X). The operations of
these two quandles are defined by x ∗ y = yxy−1 and x ∗ y = yx−1y respectively.
Note that when X is an abelian group then the associated conjugation quandle is
trivial. However the core quandle is a trivial quandle if and only if X is an abelian
group with every nontrivial element of order 2. Actually, if the core quandle is
trivial, then x ∗ y = yx−1y = x. By putting x = 1 one obtains that y2 = 1 for any
element of X. Now xy = yx follows immediately from (xy)2 = 1. Conversely,
if X is an abelian group with every nontrivial element of order 2, then x ∗ y =
yx−1y = y2x = x, which implies that the quandle structure is trivial. Moreover, if
we have a homeomorphism σ of X, the operation x ∗ y = σ(xy−1)y makes X into
a topological quandle.
On the other hand, note that for a product space X × Y, if (X, ∗X) and (Y, ∗Y)
are both topological quandles, then X × Y is a topological quandle with operation
(x1, y1) ∗ (x2, y2) = (x1 ∗X x2, y1 ∗Y y2).
Here we list some familiar examples of topological rack/quandle, more exam-
ples can be found in [5, 14].
(1) The real line R1: Since R1 is a topological group, as we mentioned above,
each homeomorphism of R1 makes R1 into a topological quandle. Re-
call that a homeomorphism σ of R1 (as a topological group) has the form
σ(x) = tx (t 6= 0), which induces the Alexander quandle structure on
R
1 with operation x ∗ y = tx+ (1− t)y (t 6= 0). Similarly the operation
(x1, · · · , xn)∗(y1, · · · , yn) = (t1x1+(1−t1)y1, · · · , tnxn+(1−tn)yn)
(ti 6= 0, 1 ≤ i ≤ n) derived from the homeomorphism of R
n makes Rn
into a topological quandle.
(2) The sphere Sn: Consider the unit sphere in Rn+1, define x ∗ y = 2(x ·
y)y − x, here · denotes the inner product of Rn+1. It is easy to show that
this operation makes Sn into a topological quandle.
(3) The projective space RPn: A quandle structure of RPn can be directly
derived from the quandle structure on Sn mentioned above.
(4) The Grassmannian Gr(r, V): Let Gr(r, V) be the Grassmannian of r-
dimensional linear subspaces a vector space V . For two subspaces U,W ∈
Gr(r, V) and v ∈ V we define
v ∗W = 2
r∑
i=1
(wi · v)wi − v,
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where {wi} denotes an orthonormal basis of W. Now U ∗W is defined
to be {u ∗ W|u ∈ U}. It is easy to check that this operation induces a
topological quandle structure on Gr(r, V).
Given two topological quandles (X, ∗X) and (Y, ∗Y), we say that (X, ∗X) and
(Y, ∗Y) are isomorphic if there exists a homeomorphism f from X to Y such that
f(x1 ∗X x2) = f(x1) ∗Y f(x2). If X and Y are oriented topological spaces then
we require that f is orientation-preserving. Recall that for each element x of an
unoriented topological quandle X, the right multiplication Rx : X → X is a home-
omorphism. We remark that if X is a connected oriented topological space, then
either Rx (x ∈ X) are all orientation-preserving or all orientation-reversing.
We give one simple example to show that when one places different topologies
on the same quandle, it is possible to obtain two different topological quandles.
Consider the quandle X which consists of three elements {1, 2, 3}, and the quandle
operations are defined below 

1 1 1
3 2 2
2 3 3

.
Here the (i, j) entry denotes i∗j (1 ≤ i, j ≤ 3). Let τ1 = {∅, {1}, {1, 2, 3}} and τ2 =
{∅, {1}, {2}, {1, 2}, {1, 2, 3}} be two topologies on X. It is easy to see that (X, τ1)
and (X, τ2) are both topological quandles. However they are not isomorphic as
topological quandles since they are not even homeomorphic as topological spaces.
In this article, we want to investigate the following problem: given a topological
space X, how many different (up to isomorphism) topological quandle structures
are there? In particular, is there a topological space which can only be equipped
with the trivial quandle structure?
3. CLASSIFICATION OF TOPOLOGICAL AFFINE QUANDLES ON R
Let (R, ∗1), (R, ∗2) be two topological quandles, where the operations are de-
fined by x∗1y = t1x+(1−t1)y and x∗2y = t2x+(1−t2)y (ti 6= 0, i ∈ {1, 2}). The
aim of this section is to determine when topological quandles (R, ∗1) and (R, ∗2)
are isomorphic. We have the following lemmas.
Lemma 3.1. If t1 > 0 and t2 < 0, then (R, ∗1) and (R, ∗2) are different topologi-
cal quandles.
Proof. If not, suppose f : R → R induces an isomorphism between (R, ∗1) and
(R, ∗2). Notice that Rx in (R, ∗1) is orientation-preserving, however Rf(x) in (R, ∗2)
is orientation-reversing. 
Without loss of generality, let us assume that t1 and t2 are both positive.
Lemma 3.2. If t1 = 1 and t2 6= 1, then (R, ∗1) and (R, ∗2) are different topologi-
cal quandles.
Proof. If there exists a homeomorphism f of R which induces an isomorphism on
the quandle structure, then
f(x) = f(x ∗1 y) = f(x) ∗2 f(y) = t2f(x) + (1− t2)f(y),
which implies f is a constant function. This contradicts with the assumption that f
is an isomorphism. 
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Lemma 3.3. If t1 > 1 and 0 < t2 < 1, then (R, ∗1) and (R, ∗2) are different
topological quandles.
Proof. We assume there exists a homeomorphism f of Rwhich preserves the quan-
dle structure. It follows that
f(t1x+ (1− t1)y) = f(x ∗1 y) = f(x) ∗2 f(y) = t2f(x) + (1− t2)f(y).
Note that f(x) + b also gives an isomorphism from (R, ∗1) to (R, ∗2), without loss
of generality we assume that f(0) = 0. Let y = 0, we obtain f(t1x) = t2f(x).
However this contradicts with the assumption that f is monotonic. 
Lemma 3.4. If t1 > t2 > 1 then (R, ∗1) and (R, ∗2) are different topological
quandles.
Proof. If φ is a quandle isomorphism between (R, ∗1) and (R, ∗2), then φ is a
homeomorphism of the real line satisfying φ(t1x + (1 − t1)y) = t2φ(x) + (1 −
t2)φ(y). Without loss of generality we can assume φ(0) = 0. Since φ(0) = 0
thus φ(1) 6= 0. By considering the function ψ(x) =
φ(x)
φ(1)
which is still a quandle
isomorphism, one can then assume that φ(1) = 1. Then for all x ∈ R, we have
φ(t1x) = t2φ(x) and φ((1− t1)x) = (1− t2)φ(x).
In other words,
1
t2
φ(x) = φ( xt1 ) and
1
1−t2
φ(x) = φ( x1−t1 ).
We conclude that for anym,n ∈ Z we have
φ(
tm
1
(1−t1)2n
x) =
tm
2
(1−t2)2n
φ(x),
setting x = 1 yields
φ(
tm
1
(1−t1)2n
) =
tm
2
(1−t2)2n
.
Assume
ln(1−t1)
2
ln(t1)
is a irrational number, where ln stands for the natural logarithm.
Now we can choose a sequence {mini
}i∈N which converges to
ln(1−t1)
2
ln(t1)
(if
ln(1−t1)
2
ln(t1)
equals a rational number m
n
, we just choose mi
ni
= m
n
for any i ∈ N), which means
that φ(
t
mi
1
(1−t1)
2ni
) converges to φ(1) = 1. On the righthand side we have
lim
i→∞
t
mi
2
(1−t2)
2ni
= lim
i→∞
exp(miln(t2) − niln(1− t2)
2).
In order to obtain the contradiction, it suffices to show that
lim
i→∞
(miln(t2) − niln(1− t2)
2) 6= 0.
One computes
lim
i→∞
(miln(t2) − niln(1− t2)
2)
= lim
i→∞
(
mi
ni
ln(t2)ni − niln(1 − t2)
2)
= lim
i→∞
ni(
ln(t1 − 1)
2ln(t2) − ln(t2 − 1)
2ln(t1)
ln(t1)
)
6=0.
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The last inequality follows from the fact that lim
i→∞
ni 6= 0 and
ln(t1 − 1)
2ln(t2) − ln(t2 − 1)
2ln(t1) 6= 0,
this can be proved by checking that the function
ln(x−1)2
ln(x)
is a monotonous increas-
ing function on (1,+∞). 
Lemma 3.5. If 0 < t2 < t1 < 1, then (R, ∗1) and (R, ∗2) are different topological
quandles.
Proof. Suppose φ is a quandle isomorphism between (R, ∗1) and (R, ∗2). As be-
fore, we assume that φ(0) = 0 and φ(1) = 1, therefore φ(x) is a monotonous
increasing function on R. Similar to the proof of Lemma 3.4, we have
φ(
tm
1
(1−t1)n
) =
tm
2
(1−t2)n
(m,n ∈ Z).
Since
ln(1−x)
ln(x)
is a monotonous increasing function on (0, 1), it follows that
ln(1−t2)
ln(t2)
<
ln(1−t1)
ln(t1)
. Choose a pair of positive integersm,n such that
ln(1−t2)
ln(t2)
< mn <
ln(1−t1)
ln(t1)
.
Now we have
tm
1
(1−t1)n
< 1 but
tm
2
(1−t2)n
> 1, which contradicts with the fact that
φ(x) is a monotonous increasing function. 
To sum up, the theorem below follows directly from Lemma 3.1-3.5.
Theorem 3.6. Let t1 and t2 be two distinct real numbers both distinct from zero.
Then the Alexander quandle structures (R, ∗1) and (R, ∗2) can not be isomorphic.
Remark 3.7. Recently, Theorem 3.6 was generalized from R to Rn (see [4] for
more details). Let consider the two topological quandles (Rn, ∗t) and (R
n, ∗s),
where the quandle operations are defined by x ∗t y = tx + (In×n − t)y and
x ∗s y = sx + (In×n − s)y respectively. Here we use the following notations
x =


x1
...
xn

 , y =


y1
...
yn

 , t =


t1
. . .
tn

 , s =


s1
. . .
sn

,
where t and s are both diagonal matrices and ti 6= 0 and si 6= 0 for all 1 ≤ i ≤ n.
It was proved in [4] that (Rn, ∗t) and (R
n, ∗s) are isomorphic if and only if there
exists a matrix f ∈ GLn(R) such that ftf
−1 = s.
Corollary 3.8. Let S1 = {eiθ|0 6 θ 6 2pi}, and ∗i (i = 1, 2) be two quandle
operations on S1 which are defined as eiθ1 ∗i e
iθ2 = ei(tiθ1+(1−ti)θ2) (0 < ti ≤
1, i = 1, 2). Then (S1, ∗1) and (S
1, ∗2) are isomorphic if and only if t1 = t2.
Proof. The main idea of the proof is similar to the the proof of Lemma 3.5. If
there exists an isomorphism φ between (S1, ∗1) and (S
1, ∗2), we can assume that
φ(0) = 0 and φ(2pi) = 2pi. Then φ induces an homeomorphism f from [0, 2pi] to
[0, 2pi] which satisfies f(0) = 0, f(2pi) = 2pi and f(t1θ1+(1− t1)θ2) = t2f(θ1)+
(1− t2)f(θ2) for any 0 ≤ θi ≤ 2pi (i = 1, 2). In particular, we have
f(2tm1 pi) = 2t
m
2 pi and f(2(1 − t1)
npi) = 2(1 − t2)
npi
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for anym,n ∈ Z+.
Notice that if t1 = 1, then it follows immediately that t2 must be 1. Without
loss of generality, let us assume 0 < t2 < t1 < 1. Since
ln(1−x)
ln(x)
is a monotonous
increasing function on (0, 1), we can find two positive integersm,n such that
ln(1−t2)
ln(t2)
< mn <
ln(1−t1)
ln(t1)
.
It follows that (t2)
m < (1−t2)
n but (t1)
m > (1−t1)
n. However this is impossible
because f is monotonous increasing. 
4. HOMOGENEOUS TOPOLOGICAL QUANDLES
The main aim of this section is to give a general description of homogeneous
topological quandles. The algebraic version of this construction was first given by
Joyce in [11], which also can be found in [9]. In this section, all topological spaces
are assumed to be topological manifolds.
LetG be a topological group and σ an automorphism onG. As we mentioned in
section 2, (G, ∗) is a topological quandle if we define x ∗ y = σ(xy−1)y. If there
is a subgroup H of G such that σ(h) = h for every h ∈ H, then the right cosets
G/H is a topological space and it inherits a topological quandle structure from
G. Since G acts transitively on the right of G/H, we conclude that (G/H, ∗) is a
homogeneous topological quandle. The following theorem is a topological version
of Theorem 7.1 in [11].
Theorem 4.1. Every homogeneous topological quandle X can be realized as (G/H, ∗)
discussed above.
Proof. Let X be a homogeneous topological quandle. It suffices to construct a
topological group G and a subgroup H, then prove that X is isomorphic to G/H as
a topological quandle. Define G = Aut(X) and σ denotes the conjugation by Rx,
where x is a fixed point of X, that is σ(f) = R−1x fRx. Let H = {f ∈ G| f(x) = x}.
Since X is a topological manifold, then it is locally compact, Hausdorff and
hence Tychonoff. Recall that a topological space is uniformizable if and only if it
is Tychonoff. Now we choose the fine uniformity U which is compatible with the
original topology of X. Now for each U ∈ U we defineV = {(f, g)| (f(x), g(x)) ∈
U, f, g ∈ Aut(X), x ∈ X}. It is easy to see that V forms a uniform structure on
Aut(X). Since U is fine, then each f ∈ Aut(X) is uniformly continuous. It was
proved by Ford in [7] that if a group consisted of uniformly continuous homeo-
morphisms of X, then it is a topological group relative to the uniform convergence
notion induced by the uniform structure of X. Now it is evident that φ : G/H→ X,
defined byφ(Hf) = f(x), is continuous and 1-1. On the other hand, each topologi-
cal manifold is a SLH (strong local homogeneity) space. According to Theorem 4.1
in [7], if X is a SLH, Tychonoff space andAut(X) is transitive, then φ : G/H→ X
is open. This completes the proof that G/H and X are homeomorphism.
Finally
φ(Hf ∗Hg) = φ(Hσ(fg−1)g) = φ(HR−1x fg
−1Rxg) = (gRxg
−1f)(x) =
f(x) ∗ g(x).
Hence φ is a quandle homomorphism. This finishes the proof. 
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5. A SET OF OPEN QUESTIONS
5.1. Topological Quandle Structures on the Closed Unit Interval. We begin
this section with a positive answer to the second question in the end of section 2.
Theorem 5.1. There exist infinitely many topological spaces which only can be
equipped with the trivial quandle structure.
Proof. Let us consider the topological space X = {1, 2, · · · , n} equipped with the
topology τ = {∅, {1}, {1, 2}, · · · , {1, · · · , n}}. Let ∗ be a quandle operation on X.
Since {1} is a open set, then 1 ∗−1 i (1 ≤ i ≤ n) must be a open set, hence equals
1. On the other hand, since {1, 2} is a open set and 1 ∗−1 i = 1 (1 ≤ i ≤ n), we
must have 2 ∗−1 i = 2 (1 ≤ i ≤ n). Eventually we will find that n ∗−1 i = n
(1 ≤ i ≤ n). The proof is completed. 
Note that the topological space above is not Hausdorff. In general we would
like to know that whether we can find a manifold example. We conjecture that the
closed unit interval [0, 1] is an example of this kind. In other words, we conjecture
that the only topological quandle structure on [0, 1] is the trivial operation given by
x ∗y = x,∀x, y ∈ [0, 1]. It obviously follows that [a, b] has no non-trivial quandle
structure for any −∞ < a < b < +∞.
Conjecture 5.2. There is no non-trivial topological quandle structure on the closed
interval [0, 1] of the real line.
Geometrically, the conjecture above implies that if ∗ is a quandle operation on
[0, 1] then the closed surface F = {(x, y, x ∗ y) ⊂ R3|0 6 x 6 1, 0 6 y 6 1} is
flat, i.e. F = {(x, y, x) ⊂ R3|0 6 x 6 1, 0 6 y 6 1}. Let us use F to denote
{(x, y, x) ⊂ R3|0 6 x 6 1, 0 6 y 6 1}. According to the definition of quandle,
we observe that the segment {(x, x, x ∗ x)|0 6 x 6 1} ⊂ F . Besides of this, we
also observe that ∂F = ∂F :
• 0 ∗ x = 0 and 1 ∗ x = 1 for any x ∈ [0, 1]. Actually, since Rx is an
automorphism of [0, 1] then it follows that Rx(0) = 0 or 1. If Rx(0) = 1
for some x ∈ [0, 1], recall that R0(0) = 0, then there exists t ∈ (0, x) such
that 0 < Rt(0) < 1, which means that Rt is not an automorphism of [0, 1].
Therefore we always have 0 ∗ x = 0. It follows immediately that 1 ∗ x = 1
for any x ∈ [0, 1].
• R0 = R1 = id. We claim that if R0(x) = y (or R1(x) = y), then Rx = Ry.
In fact, for any z ∈ [0, 1] there exists a real number w ∈ [0, 1] such that
R0(w) = z. If x ∗ 0 = y, then we have
z∗x = (w∗0)∗x = (w∗x)∗(0∗x) = (w∗x)∗0 = (w∗0)∗(x∗0) = z∗y.
Now we prove that R0 = id. First let us consider a simple case: x∗0 6= x
for any x ∈ (0, 1). Without loss of generality, we assume the inequality
x ∗ 0 > x holds for all x ∈ (0, 1). For a fixed point x ∈ (0, 1), we have the
following monotonically increasing sequence
{· · · , R−30 (x), R
−2
0 (x), R
−1
0 (x), x, R0(x), R
2
0(x), R
3
0(x), · · · }.
For simplicity, we will use xn(n ∈ Z) to denote R
n
0 (x). In particular, x0 =
x. According to our discussion above, we know that Rxn are all equivalent.
It is clear that lim
n→+∞
xn exists. Actually we must have lim
n→+∞
xn = 1. Oth-
erwise lim
n→+∞
xn < 1 and R0( lim
n→+∞
xn) = lim
n→+∞
R0(xn) = lim
n→+∞
xn+1 =
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lim
n→+∞
xn, which contradicts with our assumption that R0(x) > x for any
0 < x < 1. In a similar manner one can proves that lim
n→−∞
xn = 0. Then it
follows that
R0 = · · · = Rx
−3
= Rx
−2
= Rx
−1
= Rx0 = Rx1 = Rx2 = Rx3 = · · · = R1.
Let x0 = x runs over (0, 1)we obtain that R0 = Rx = R1 for any x ∈ (0, 1).
Then for any x ∈ [0, 1], we have x ∗ 0 = x ∗ x = x, which contradicts with
our assumption that x ∗ 0 > x for any x ∈ (0, 1). Hence we conclude that
R0 = id. The result R1 = id can be proved by an analogous argument.
For the general case, if R0 6= id, then there exists some x0 ∈ (0, 1) such
that R0(x0) 6= x0. Without loss of generality, we assume that x0 ∗ 0 > x0.
Let x+ = min{t|t > x0, t ∗ 0 = t} and x− = max{t|t < x0, t ∗ 0 = t}.
Then the inequality x ∗ 0 > x holds for any x ∈ (x−, x+). Note that
R0[x−, x+] = [x−, x+], since R0 is monotonically increasing. By repeating
the argument above one can prove that Rx = Ry for any x, y ∈ [x−, x+].
In particular, it follows that x ∗ y = x ∗ x = x for any x, y ∈ [x−, x+].
In particular, we can prove a special case of Conjecture 5.2 as follows. If we
denote the binary operation in a quandle by a map f : X×X→ X sending (x, y) to
f(x, y), then the right distributivity axiom of a quandle can be written in the form
f(f(x, y), z) = f(f(x, z), f(y, z)) (5.1)
Now let assume that the function f is a real polynomial in the variables x and y.
Then we have the following
Lemma 5.3. Any polynomial solution P(x, y) ∈ R[x, y] to the equation (5.1) is
either of the form P(x, y) = ax+ (1− a)y or P(x, y) = P(x) a polynomial in the
variable x only.
Proof. First we fix a few notations. For any polynomial f(x, y) ∈ R[x, y], denote
by fx the highest power of x, by fy the highest power of y and by fxy the degree
of the polynomial f(w,w). For example, for f(x, y) = 2x3 − x + x4y5, we have
fx = 3, fy = 0 and fxy = 9.
Now the equation f(f(x, x), y) = f(f(x, y), f(x, y)) gives fy = fyfxy.
If fy = 0 then in this case f(x, y) = P(x) is a polynomial in the variable x only.
If fxy = 1 then in this case f(x, y) = ax + by+ c.
Now the equation f(f(x, y), z) = f(f(x, z), f(y, z)) implies that
a(ax + by+ c) + bz+ c = a(ax + bz+ c) + b(ay + bz+ c) + c.
Then bc = 0 or ab + b2 = b. Thus either b = 0 and f(x, y) is a degree
one polynomial in x only, or b 6= 0 and thus c = 0 and a + b − 1 = 0 giving
f(x, y) = ax + (1− a)y. This concludes the proof. 
Note that if the binary operation x ∗ y = P(x) is a polynomial in the variable x
only, then the idempotency equation x ∗ x = x gives that P(x) = x. On the other
hand, if x ∗ y = ax + (1− a)y is a quandle operation on the closed unit interval,
since 0 ∗ y = 0, it follows that a = 1. In conclusion, if a binary operation ∗ on
[0, 1] satisfies x ∗ y = P(x, y) ∈ R[x, y], then x ∗ y = x.
5.2. Some other open questions.
Question 5.4. More generally, First, start by classifying the indecomposable com-
pact connected topological quandles.
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Question 5.5. It is well know result [8] that the underlying topology of com-
pact connected abelian group completely determines its structure as a topological
group. That is if H1 and H2 are compact connected abelian groups, then if H1 and
H2 are homeomorphic thenH1 andH2 are isomorphic as topological groups. Find
an "analogous" result for topological quandles. If two compact connected medial
quandles are homeomorphic then are they isomorphic as topological quandles?
Question 5.6. For a given topological space X, is X a topological rack/quandle
with a nontrivial rack/quandle structure? In particular, is there any nontrivial
quandle structure on closed orientable surface with genus greater than one?
Question 5.7. In definition 4.3 of [3], Clark and Saito studied a family of quandle
structures on the 2-sphere S2 called spherical quandles. Precisely, for 0 < ψ < 2pi,
and for u, v ∈ S2, define a binary operation on S2 by u ∗ψ v to be the rotation of u
about v by the angle ψ. Up to isomorphism, are there any other different quandle
structures on S2?
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